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Abstract
We present the interior solutions of distributions of magnetised fluid inside a sphere in f(R, T ) gravity.
The magnetised sphere is embedded in an exterior Reissner-Nordstro¨m metric. We assume that all physical
quantities are in static equilibrium. The perfect fluid matter is studied under a particular form of the
Lagrangian density f(R, T ). The magnetic field profile in modified gravity is calculated. Observational
data of neutron stars are used to plot suitable models of magnetised compact objects. We reveal the
effect of f(R, T ) gravity on the magnetic field profile, with application to neutron stars, especially highly
magnetized neutron stars found in X-ray pulsar systems. Finally the effective potential Veff and innermost
stable circular orbits, arising out of motion of a test particle of negligible mass influenced by attraction or
repulsion from the massive center, are discussed.
Keywords : general relativity; magnetic field;
f(R, T ) gravity; effective potential.
I Introduction
In a homogeneous and isotropic spacetime in
General Relativity (GR), the Friedmann equations
that describe the evolution of the universe are a re-
sult of the Einstein field equations. Observational
cosmology has revealed that the universe has un-
dergone two phases of cosmic acceleration. The
first one is called inflation era which is believed to
be the precursor of the radiation dominated era [1].
This phase is a necessity not only to solve the flat-
ness and horizon problems related to big-bang cos-
mology, but also to explain the intrinsic details of a
nearly flat spectrum of temperature disparities ob-
served in Cosmic Microwave Background (CMB)
[2]. It was only after the matter dominated era
that the second accelerating phase started. The
unknown component giving rise to this late time
cosmic acceleration is called dark energy [3]. The
existence of dark energy has been confirmed by
a number of observations, such as supernovae Ia
(SN Ia) [4], large-scale structure (LSS) [5], baryon
acoustic oscillations (BAO) [6] and CMB [7].
Though the modifications of the energy-
momentum tensor in Einstein equations give rise
to the scalar-field models of inflation and dark en-
ergy, there is yet another approach to explain the
acceleration of the universe. This relevant field
is the modified gravity in which the gravitational
theory is modified in comparison to GR. The La-
grangian density for GR is given by f(R) = R−2Λ,
where R is the Ricci scalar and Λ refers to the cos-
mological constant (corresponding to the equation
of state w = −1). The presence of Λ gives rise to
an exponential expansion of the universe, but it
is not possible to use it for inflation because the
inflationary period needs to be connected to the ra-
diation era. It is however possible to use the cos-
mological constant to represent dark energy and
use it to model the accelerating expansion of the
present-day universe. In contrast however, if the
cosmological constant originates from a vacuum
energy of particle physics, its energy density would
exceed the dark energy density of the present uni-
verse. The Λ-Cold Dark Matter (ΛCDM) model
(f(R) = R − 2Λ) satisfies a number of observa-
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tional data [8], but there is also a possibility of a
time-varying equation of state of dark energy [9].
Recently, a relativistically covariant model of in-
teracting dark energy based on the principle of
least action has been proposed [10]. They ob-
served that the cosmological term Λ in the gravita-
tional Lagrangian is dependent on the trace of the
energy-momentum tensor T and consequently the
model was termed as Λ(T ) gravity. Subsequently
another extension of standard GR was considered
[11]. These are the f(R, T ) modified theories of
gravity. The energy conditions and thermodynam-
ics in f(R, T ) theories have been investigated [12].
Stationary electromagnetic fields of slowly rotat-
ing relativistic magnetized star in the braneworld
has been studied [13].
There are two formalisms in deriving field equa-
tions from the action in f(R, T ) gravity. The first
is the standard metric formalism in which the field
equations are derived by the variation of the action
with respect to the metric tensor gµν . In this for-
malism the affine connection Γαβγ depends on gµν .
In this paper we have followed a similar approach.
The second is the Palatini formalism in which gµν
and Γαβγ are treated as independent variables when
we vary the action.
The organization of this paper is envisaged as
follows: The field equations under f(R, T ) gravity
are briefed in section II. In section III we study
the magnetic field inside the star, with the impo-
sition of vanishing electric current density in its
exterior region [Jr = Jθ = Jφ = 0]. The magnetic
field outside the star is also calculated. Section IV
deals with the test motion of electrically charged
particles in this space time geometry. Concluding
remarks are in section V.
II Field equations in the met-
ric formalism of f(R, T )
gravity
We start with the 4-dimensional action in
f(R, T ) gravity [11] as
S =
1
16pi
∫
d4xf(R, T )
√−g+
∫
d4xLm
√−g. (1)
Here g is the determinant of the metric tensor gµν ,
Lm is a matter Lagrangian, R is the Ricci scalar,
T is the trace of the stress-energy tensor of the
matter Tµν [14], and f(R, T ) is the Lagrangian
density in GR. Here different choices of Lm can be
considered, each of which directs to a specific form
of fluid. We assume the geometric units c = G = 1.
On varying the above action of eqn. (1) with
respect to the metric gµν , the following field equa-
tions of f(R, T ) gravity are evident:
fR(R, T )Rµν − 1
2
f(R, T )gµν
+(gµν− ▽µ▽ν)fR(R, T )
= 8piT − fT (R, T )Tµν − fT (R, T )Θµν , (2)
where
fR(R, T ) =
∂f(R, T )
dR
, fT (R, T ) =
∂f(R, T )
dT
,
≡∂µ(
√−ggµν∂ν)/
√−g. (3)
The covariant divergence of the stress energy
tensor [15] yields
▽
µTµν =
fT (R, T )
8pi − fT (R, T ) [(Tµν +Θµν)▽
µlnfT (R, T ),
+▽µΘµν − 1
2
gµν▽
µT. (4)
In this paper we consider the energy-momentum
tensor of a perfect fluid type as
Tµν = (ρ+ p)uµuν − pgµν , (5)
where the space-like four velocity vector uµuµ =
1 and uµ▽νuµ = 0.
Next, we take the functional form f(R, T ) =
R + 2f(T ) = R + 2κnT , where f(T ) = κnT for
which the conditions imposed are
Lm = −p,Θ = −2Tµν − pgµν . (6)
Hence the Einstein eqn. in GR reduces to
[[16],[17],[18]],
Gµν = 8piTµν + κ
nTgµν + 2κ
n(Tµν + pgµν). (7)
The energy momentum tensors are conserved as
in GR in eqn. (7) on equating κ = 0, i.e., when
f(R, T ) = R.
III Magnetic field of the star
within the f(R, T ) gravity
The line element for spherically symmetric met-
ric describing the charged compact star stellar con-
figuration is given in the Reissner-Nordstro¨m (RN)
metric by
2
ds2 = −(1− 2m(r)
r
+
q2(r)
r2
)dt2
+(1− 2m(r)
r
+
q2(r)
r2
)−1dr2
+r2(dθ2 + sin2 θdφ2), (8)
where m(r) and q(r) are the mass function and
electric charge function of the perfect fluid, respec-
tively .
The magnetic field of the star within the f(R, T )
gravity is based on solutions of the Maxwell equa-
tions for the test magnetic field assuming that the
magnetic field configuration of the star is dipolar.
We assume that the components of the magnetic
field B(r, θ) inside the star [19] are
Brˆ(r, θ) = F (r) cos θ,
Bθˆ(r, θ) = G(r) sin θ,
Bφˆ(r, θ) = 0. (9)
Here the unknown radial functions F (r) and
G(r) are responsible for the relativistic corrections
in the gravitational field of f(R, T ) gravity. In the
exterior region, we impose the condition of vanish-
ing electric current density, i.e., J rˆ = J θˆ = J φˆ = 0.
We find the Maxwell equations for the radial part
of the magnetic field [[20], [21]] to be
(r2F (r)),r + 2rG(r)
√
D(r) = 0,
(rG(r)
√
A(r)),r + F (r)
√
A(r)D(r) = 0, (10)
where the analytic expressions for the metric func-
tions A(r) andD(r) exterior to the star are defined
[[19],[22]-[26]] as
N2(r) = A(r) = D−1 = (1−2m(r)
r
+
q2(r)
r2
). (11)
The unknown radial function F (r) is obtained
from a second-order ordinary differential equation
[[19],[25]]:
d
dr
[(1 − 2m(r)
r
+
q2(r)
r2
)
√
2
d
dr
(r2F (r))
−
√
2F (r)] = 0. (12)
On simplification the above eqn. (12) reduces to
F ′′(r)[r2 − 2rm(r) + q2(r)] + F ′(r)[4r
−6m(r)− 2rm′(r) + 2
r
+ 2q(r)q′(r)]
+F (r)[1 − 4m′(r) − 2
r2
q2(r) +
4
r
q(r)q′(r)]
= 0. (13)
However as r → ∞, m(r)
r
→ 0 and also q2(r)
r2
→ 0
and they do not contribute to the magnetic field
[[27]-[32]]. Hence eqn. (13) reduces to
r2F ′′(r) + 4rF ′(r) + F (r) = 0, (14)
which yields
F (r) = a1r
m1 + b1r
n1 , (15)
where a1 and b1 are arbitrary constants and
m1 = − 32 −
√
5
2 , n1 = − 32 +
√
5
2 .
Using eqns. (10) and (15) we find that
G(r) =
1
2
(−2a1rm1−a1m1rm1−2b1rn1−b1n1rn1 ).
(16)
At the poles θ = 0, and the magnetic field from
eqn. (9) depends only on F (r). On the other hand
when we consider the equatorial plane, θ = pi2 ,
B(r, θ) then depends only on G(r), which gives
the magnetic field in f(R, T ) gravity.
The dipolar magnetic field in GR is derived
[[19],[21],[33]] to be
GGR(r)
GNewt(r)
= − 3R
3
1
8M3
[
lnN2 +
2M
r
(1 +
M
r
)
]
,
(17)
where M and R1 stand for the mass and radius
of the star, respectively, and the magnetic field at
the pole in the Newtonian limit is
GNewt(r) =
2µ
r3
, (18)
with µ being constant.
The radial dependence of the magnetic field in
eqn. (16) for various values of constants (a1, b1))
is plotted in Fig. 1.
It is obvious from eqn. (11) that as r → ∞,
lnN2 → 0 Hence eqn. (17) reduces to,
GGR(r) = − 3µR
3
1
2M2r4
(1 +
M
r
). (19)
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Figure 1: The magnetic field B(km−3) in f(R, T )
modified gravity for various values of constants
(a1, b1) is shown versus radius r(km).
We consider below four different models
(M⊙ being the solar mass) using stellar mass
data [[34],[35]]: as (i) X-ray pulsar, Her X-1
[[34],[35],[36],[37]], which is characterized by
mass M = 1.47M⊙ and radius R1 = 4.921
km. (ii) X-ray pulsar, 4U 1700-37 [[34],[35]],
which is characterized by mass M = 2.44M⊙
and radius R1 = 8.197 km. (iii) Neutron star,
J1518+4904 [[34],[35]], which is characterized by
mass M = 0.72M⊙ and radius R1 = 2.419 km.
(iv) Neutron star, J1748-2021 B [[34],[35]], which
is characterized by mass M = 2.74M⊙ and radius
R1 = 9.281 km.
We also plot the magnetic field B using the gen-
eral relativistic value given by eqn. (19) outside
the star in Fig. 2. and Fig. 3
Figure 2: The magnetic field B(km−3) in GR (µ =
1/28) is shown versus r(km) for various observed
objects.
Here the constant µ can have any value, but we
Figure 3: The magnetic field B(km−3) in GR (µ =
−1/28) is shown versus r(km) for the same objects
as in Fig. 2.
have chosen it as, µ = −1/28 and µ = 1/28 for
convenience.
For a particular choice of µ = −1/28, Fig. 4 and
Fig. 5 further specify the magnetic field of X-ray
pulsar, Her X-1, both in the interior and exterior
regions.
Here we consider the geometric units with c =
G = 1.
Figure 4: The magnetic field B(km−3) in GR of X-
ray pulsar, Her X-1 in the interior region is shown
versus r(km).
IV Effective potential
We study the effective potential Veff , as a result
of motion of a test particle of negligible mass un-
dergoing attraction or repulsion by a massive static
center. So, first we deduce the non-vanishing com-
ponents of the electromagnetic field four-potential
Aµ as [[38],[39]], considering B0 = B
z
0 = B
θˆ(r, θ)
4
Figure 5: The magnetic field B(km−3) in GR of X-
ray pulsar, Her X-1 in the exterior region is shown
versus r(km).
as the component aligned along the axis; B1 =
Bx0 = B
rˆ(r, θ) as the component perpendicular
to the rotation axes; and By0 = B
φˆ(r, θ). Here
Bx0 , B
y
0 , B
z
0 denote the components of the field
in asymptotically Minkowskian coordinates [x =
r sin θ cosφ, y = r sin θ sinφ, z = r cos θ]. The elec-
tric charges being enclosed in 3-volume Σ, Aµ
is derived from the electromagnetic field tensor
Fµν=Aν,µ −Aµ,ν [[38],[40]], using eqn. (9), as
At = −Qr
Σ
; Ar = 0 ; Aθ = 0 ;
Aφ =
1
2
B0r
2 =
r2
2
G(r) sin θ. (20)
With the variables and parameters expressed by
the scale transformations t → tM, r → rM,B0 →
B0/M, τ → τM,Q → QM , where m(r) → M ,
q(r) → Q being the mass and charge of the black
hole and τ is the proper time, we obtain the
dimensionless Lagrangian using eqn. (8), with
ds2 = −dτ2, as
L = 1
2
[−(1− 2
r
+
Q2
r2
)t˙2 + (1− 2
r
+
Q2
r2
)−1r˙2
+r2θ˙2 + r2 sin2 θφ˙2]. (21)
The Lagrangian L is identical to −1/2. The mo-
tion of electrically charged particles are described
by the Hamiltonian [41],
H =
1
2
gαβ(pα − qAα)(pβ − qAβ), (22)
where Pα = pα − qAα = ∂L∂x˙β = gαβ x˙β , α, β ∈{0, 1, 2, 3} and q is the electric charge of the test
particle with the dimensionless operation q → qM .
Thus we get using eqns. (20) and (22):
pt = gttt˙+ qAt = −(1− 2
r
+
Q2
r2
)t˙− Qqr
Σ
= −E,
pφ = gφφφ˙+ qAφ = r
2sin2θφ˙+
qr2B0
2
= L, (23)
where L and E are the angular momentum and
constant specific energy of the system, respec-
tively. Thus, the Hamiltonian, being identical to
-1/2, is
H =
1
2
[
r2 − 2r +Q2
r2
p2r +
p2θ
r2
− r
2E2
r2 − 2r +Q2
+
1
r2 sin2 θ
(L− qr
2B0
2
)2]. (24)
The above eqn. (24) is equivalent to
(r2 − 2r +Q2)2
r4
p2r +
(r2 − 2r +Q2)
r4
p2θ
= E2 − V 2eff ,
V 2eff =
r2 − 2r +Q2
r2
[1 +
1
r2
(L− qr
2B0
2
)2], (25)
where Veff is the effective potential at the equato-
rial plane θ = pi/2.
We now study the innermost stable circular or-
bits at the equatorial plane, considering the values
L = 3.4643, B0 = −10−3, q = 10−3, Q = 1 (ge-
ometric units of length) [41]. Then the feasible
values of the radius of the circular orbit, for which
it exists, i.e., V˙ = 0, are r = 2.53579 and 9.46556.
If V¨ > 0 then the orbit is stable. It is found that
for only r = 9.46556, V¨ = 0.0008 > 0 and the orbit
is stable. It follows that for Kerr spacetime when
L = 3.4643, Q = 0, B0 = 0, we find the feasible
value as r = 9.46336 when V¨ = 1.1 × 10−9 > 0
and a stable orbit exists. In the special case when
V¨ = 0, the stable circular orbit is the innermost
one. As an example, r = 1.5 is found to be the ra-
dius of the innermost stable circular orbit (ISCO)
of the system (24) with B0 = 0, Q = 0, L = 0, i.e.,
of the Schwarzschild spacetime.
Despite the test motion being regular at the
equatorial plane, there is a possibility of occur-
rence of chaos for generic orbits of test particles.
This can occur with and without effects of rotation
or electric charge, gravitational perturbations and
imposed external electromagnetic fields [[41],[42]].
V Final Remarks
We have developed a feasible model of a com-
pact star under f(R, T ) gravity in the presence of
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a magnetic fluid. These solutions are important
for describing the interior of compact objects like
neutron stars and quark stars. The magnetic field
profile in the equatorial plane is also calculated.
Various physical aspects of the compact star model
under f(R, T ) gravity are elucidated.
We present suitable models of the neutron stars
that are tested for some known compact objects.
Stars of known geometry are analysed here as the
equation of state is not known. The radii of the
compact stars, namely, neutron stars, are also esti-
mated here for known massM with a given radius
R1 as per available data. By considering the ob-
served masses of the compact objects, namely, X-
ray pulsars Her X-1, 4U 1700-37 and neutron stars
J1518+4904, J1748-2021B, we analyse the mag-
netic field of the star. We obtain a class of mag-
netised compact star models. The stellar models
obtained here can accommodate highly compact
magnetised objects.
Depending on the values of the constants a1 and
b1 emerging from the f(R, T ) gravity, it is possible
that there may be a significant effect on the inte-
rior solution of the magnetic field. This can en-
hance the expected significant difference between
the average interior magnetic field strength and
the surface magnetic field strength [43, 44].
Future work can clarify the effect of this model
on the magnetodipolar energy loss formula [29],
the mass-radius relationship of magnetised com-
pact stars, the generation of magnetic fields in
dense quark matter in HS/QS [45], and the elec-
tromagnetic flashes of magnetars [46].
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